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ON CR SUBMANIFOLDS OF MAXIMAL CR
DIMENSION WITH FLAT NORMAL CONNECTION OF
A COMPLEX PROJECTIVE SPACE
LIANG ZHANG∗, MAN SU, PAN ZHANG
Abstract. In this paper, we study the CR submanifolds of maxi-
mal CR dimension with flat normal connection of a complex projec-
tive space. We first investigate the position of the umbilical normal
vector in the normal bundle, especially for the submanifolds of di-
mension 3. Then as the application, we prove the non-existence
of a class of CR submanifolds of maximal CR dimension with flat
normal connection.
1. Introduction
Let P
n+p
2 (C) be a n+p
2
-dimensional complex projective space with
constant holomorphic sectional curvature 4. LetMn be an n-dimensional
real submanifold ofP
n+p
2 (C) and J be the complex structure ofP
n+p
2 (C).
For any point x ∈ Mn,
JTx(M
n) ∩ Tx(M
n)
is the maximal J-invariant subspace of the tangent space Tx(M
n). We
call it the holomorphic tangent space and denote it by Hx(M
n). We
also call the orthogonal complement of Hx(M
n) the totally real part of
Tx(M
n) and denote it by Rx(M
n). In general the dimension of Hx(M
n)
varies depending on the point x ∈ Mn. If Hx(M
n) has constant di-
mension with respect to x ∈Mn, then the submanifold Mn is called a
CR submanifold and the constant complex dimension is called the CR
dimension of Mn. It is pointed out in [1] that this notion of CR sub-
manifolds is a generalization of the notion of CR submanifolds given
by A.Bejancu in [2]. But there exists a special case in which the two
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notions coincide, that is Mn has maximal CR dimension, i.e., the CR
dimension of Mn is n−1
2
. In this case, there exists a unit normal vector
ξx such that
JTx(M
n) ⊂ Tx(M
n)⊕ span{ξx}
for any point x ∈Mn.
A real hypersurface is a typical example of a CR submanifold of
maximal CR dimension. The study of real hypersurfaces in complex
space forms is a classical topic in differential geometry (see [3, 4, 5, 6,
7, 8, 9]) and the generalization of some results which are valid for real
hypersurfaces to CR submanifolds of maximal CR dimension may be
expected. For instance, some classification results of CR submanifolds
of maximal CR dimension under some certain conditions were obtained
in [10, 11, 12, 13, 14, 15].
In this paper, we study CR submanifolds of maximal CR dimen-
sion with flat normal connection of a complex projective space. Note
that the curvature tensor of the normal connection of a hypersurface
vanishes automatically, so the normal connection of a hypersurface is
naturally flat. We first discuss the position of the umbilical normal
vector in the normal bundle and prove the following theorem.
Theorem 1.1. Let Mnbe a CR submanifold of maximal CR dimension
of P
n+p
2 (C), n > 2. Let η be an umbilical normal vector of Mn. If the
normal connection is flat, then η is in the direction of the distinguished
normal vector ξ.
It is proved in [16] that there exists neither totally geodesic real hy-
persurfaces nor totally umbilical real hypersurfaces of a complex pro-
jective space. From Theorem 1.1, we can generalize this result to the
following
Corollary 1.2. In P
n+p
2 (C)(n > 2) there exists neither totally geodesic
CR submanifolds of maximal CR dimension nor totally umbilical CR
submanifolds of maximal CR dimension, whose normal connections are
flat.
Next we consider the converse of Theorem 1.1. For 3-dimensional
submanifolds, we prove the following theorem.
Theorem 1.3. Let M3 be a 3-dimensional CR submanifold of maximal
CR dimension of P
3+p
2 (C), p > 1. If the normal connection is flat, then
p = 3 and the distinguished normal vector ξ is umbilical.
As the application of Theorem 1.1 and Theorem 1.3, we prove the
non-existence of a class of CR submanifolds of maximal CR dimension
of a complex projective space.
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Theorem 1.4. In P
3+p
2 (C) (p > 1) there exist no 3-dimensional pseudo-
umbilical CR submanifolds of maximal CR dimension with flat normal
connection.
Corollary 1.5. In P
3+p
2 (C) (p > 1) there exist no 3-dimensional min-
imal CR submanifolds of maximal CR dimension with flat normal con-
nection.
Remark 1.1. We should note that for some other ambient spaces there
may exist pseudo-umbilical submanifolds with flat normal connection.
For instance, from results of [17] we know that minimal surfaces of a
hypersurface of a Euclidean space Em and the product of two plane
circles in E4 are both pseudo-umbilical with flat normal connection.
2. Preliminaries
Let Mn be a CR submanifold of maximal CR dimension of P
n+p
2 (C).
For each point x ∈Mn, the real dimension of the holomorphic tangent
space Hx(M
n) is n − 1. Therefore Mn is necessarily odd-dimensional
and there exists a unit normal vector ξx such that
JTx(M
n) ⊂ Tx(M
n)⊕ span{ξx}.
Write
(2.1) Ux = −Jξx.
It is easy to see that Ux is a unit tangent vector of M
n which spans
the totally real tangent space Rx(M
n). So a tangent vector Zx of M
n
is a holomorphic tangent vector, i.e., Zx ∈ Hx(M
n) if and only if Zx is
orthogonal to Ux. For any X ∈ TM
n, we may write
(2.2) JX = FX + u(X)ξ,
where F is a skew-symmetric endomorphism acting on TMn, u is the
one form dual to U . It is proved in [1] that
(2.3) F 2X = −X + u(X)U,
(2.4) u(FX) = 0, FU = 0,
which imply Mn has an almost contact structure.
Let T⊥1 (M
n) be the subbundle of the normal bundle T⊥(Mn) defined
by
T⊥1 (M
n) = {η ∈ T⊥(Mn)|〈η, ξ〉 = 0},
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where 〈, 〉 is the inner product of the tangent space of P
n+p
2 (C). Since
T⊥1 (M
n) is J-invariant, we can choose a local orthonormal basis of
T⊥(Mn) in the following way:
(2.5) ξ, ξ1, · · · , ξq, ξ1∗ , · · · , ξq∗,
where ξa∗ = Jξa, a = 1, · · · , q and q =
p−1
2
.
Let A,Aa, Aa∗ denote the shape operators for the normals ξ, ξa, ξa∗ ,
respectively. Write
Dξ =
∑
a
(saξa + sa∗ξa∗),
Dξa = −saξ +
∑
b
(sabξb + sab∗ξb∗),
Dξa∗ = −sa∗ξ +
∑
b
(sa∗bξb + sa∗b∗ξb∗),
where s’s are the coefficients of the normal connection D. Let ∇ be
the connection of P
n+p
2 (C). By using the classical Weingarten formula
and noting that ∇J = 0, one can obtain the following relations ([1]):
(2.6) Aa∗X = FAaX − sa(X)U,
(2.7) AaX = −FAa∗X + sa∗(X)U,
(2.8) traceAa∗ = −sa(U), traceAa = sa∗(U),
(2.9) sa∗(X) = 〈AaU,X〉,
(2.10) sa(X) = −〈Aa∗U,X〉,
(2.11) sa∗b∗ = sab, sa∗b = −sab∗ ,
(2.12) ∇XU = FAX,
where X, Y are tangent to Mn, ∇ is the connection induced from ∇,
and a, b = 1, · · · , q.
To prove our theorems, we need to write the classical equations of
Codazzi and Ricci for submanifolds. For the sake of convenience, set
ξ0 = ξ and α, β = 0, 1, · · · , q, 1
∗, · · · , q∗. Recall the equation of Codazzi
for the normal vector ξ is given by [1]
(∇XA)Y − (∇YA)X =− (R(X, Y )ξ)
⊤ +
∑
b
{sb(X)AbY − sb(Y )AbX}
+
∑
b
{sb∗(X)Ab∗Y − sb∗(Y )Ab∗X},(2.13)
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where R is the Riemannian curvature tensor of P
n+p
2 (C), X, Y are
tangent to Mn, (R(X, Y )ξ)⊤ is the tangent part of R(X, Y )ξ, and
(∇XA)Y is defined as
(2.14) (∇XA)Y = ∇XAY − A(∇XY ).
Recall that the equation of Ricci is given by [1]
(2.15) 〈R⊥(X, Y )ξα, ξβ〉 = 〈R(X, Y )ξα, ξβ〉+ 〈[Aα, Aβ]X, Y 〉,
where R⊥ is the curvature tensor of the normal connection, and
[Aα, Aβ] = Aα ◦ Aβ −Aβ ◦ Aα.
Note that the Riemannian curvature tensor R of P
n+p
2 (C)is given by
(2.16)
R(X, Y )Z = 〈Y , Z〉X−〈X,Z〉Y+〈JY , Z〉JX−〈JX,Z〉JY+2〈X, JY 〉JZ,
where X, Y , Z are tangent to P
n+p
2 (C). From (2.16),(2.1),(2.2), we
calculate
R(X, Y )ξ = u(Y )FX − u(X)FY + 2〈FX, Y 〉U,
R(X, Y )ξa = −2〈FX, Y 〉ξa∗ ,
R(X, Y )ξa∗ = 2〈FX, Y 〉ξa.
Therefore the equation of Codazzi (2.13) becomes [1]
(∇XA)Y − (∇YA)X =u(X)FY − u(Y )FX − 2〈FX, Y 〉U
+
∑
b
{sb(X)AbY − sb(Y )AbX}
+
∑
b
{sb∗(X)Ab∗Y − sb∗(Y )Ab∗X}.(2.17)
The equation of Ricci (2.15) becomes
(2.18) 〈R⊥(X, Y )ξ, ξa〉 = 〈[A,Aa]X, Y 〉,
(2.19) 〈R⊥(X, Y )ξ, ξa∗〉 = 〈[A,Aa∗ ]X, Y 〉,
(2.20) 〈R⊥(X, Y )ξa, ξb〉 = 〈[Aa, Ab]X, Y 〉,
(2.21) 〈R⊥(X, Y )ξa, ξb∗〉 = −2〈FX, Y 〉δab + 〈[Aa, Ab∗ ]X, Y 〉,
(2.22) 〈R⊥(X, Y )ξa∗ , ξb∗〉 = 〈[Aa∗ , Ab∗ ]X, Y 〉.
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3. The Position of the Umbilical Normal Vector in the
Normal Bundle
Let Mn be a CR submanifold of maximal CR dimension of P
n+p
2 (C).
The normal connection D is said to be flat, if the curvature tensor R⊥
of D vanishes. In this section we discuss the position of the umbilical
normal vector in the normal bundle for this kind of submanifolds. Re-
call that a normal vector η is said to be umbilical, if the shape operator
with respect to η is given by
(3.1) Aη = λid : Tx(M
n)→ Tx(M
n),
where λ = 〈η, ζ〉, ζ is the mean curvature vector, and id : Tx(M
n) →
Tx(M
n) is the identity map. Specially, if ζ is umbilical, then the sub-
manifold Mn is called pseudo-umbilical. It is obvious that minimal
submanifolds must be pseudo-umbilical (see [18]).
From equations of Ricci (2.18)-(2.22), we see that flat normal con-
nection implies that
(3.2) [A,Aa] = 0, [A,Aa∗ ] = 0,
(3.3) [Aa, Ab] = 0, [Aa∗ , Ab∗ ] = 0,
(3.4) [Aa, Ab∗ ] = 2δabF,
where a, b = 1 · · · q.
Proof of Theorem 1.1. The result trivially holds when p = 1. In the
following, we assume p > 1. For the umbilical normal vector η, we
decompose it as η = η1 + η2, where η1 ∈ span{ξ}, η2⊥ξ. Choose the
unit normal vector ξ1 such that η2 = |η2|ξ1, then
η = |η1|ξ + |η2|ξ1.
From the definition of the umbilicity of η (see (3.1)), we deduce that
0 = [Aη, A1∗ ] = [|η1|A+ |η2|A1, A1∗ ]
= |η1|[A,A1∗ ] + |η2|[A1, A1∗ ].
Substituting (3.2) and (3.4) into the above formula, we get
2|η2|F = 0.
Since n > 2 and rankF = n− 1, we conclude that |η2| = 0. Therefore
η = |η|ξ. 
To prove Theorem 1.3, we need the following lemmas. The first
one is an easy linear algebra result which can be obtained by direct
calculations.
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Lemma 3.1. Let (V, 〈, 〉) be an n-dimensional inner product space and
f : V → V be a linear transformation. Suppose there exist λ ∈ R and
X ∈ V such that f(X) = λX. If the linear transformations f1, f2 :
V → V are both commutative with f , then we have
f(f1X) = λf1X, f(f2X) = λf2X, f([f1, f2]X) = λ[f1, f2]X.
Lemma 3.2. Let M3 be a 3-dimensional CR submanifold of maximal
CR dimension of P
3+p
2 (C), p > 1. If the normal connection is flat,
then p = 3.
Proof. Otherwise p > 3, then we may choose orthonormal frame
ξ, ξ1, ξ2, · · · , ξq, ξ1∗ , ξ2∗ , · · · , ξq∗
of T⊥(M3). In the following we consider the eigenvalues and eigen-
vectors of the shape operator A1. We prove first that if there exists
an eigenvalue of A1, say α, such that U is not the eigenvector corre-
sponding to α, then the multiplicity of α is 2. In fact, since the normal
connection is flat, from (3.3) and (3.4), we have
[A1, A2] = 0, [A1, A2∗ ] = 0.
According to Lemma 3.1, if X is an eigenvector corresponding to α,
then
A1([A2, A2∗ ]X) = α[A2, A2∗ ]X.
Noting that [A2, A2∗ ] = 2F , the above formula becomes
A1(FX) = αFX.
It is easy to see that if X 6∈ span{U}, then X and FX are linearly
independent. Hence the above formula implies the multiplicity of α is
at least 2. This combined with Theorem 1.1 shows that the multiplicity
of α is 2.
Next we prove A1 has two distinct eigenvalues, and U is the eigenvec-
tor corresponding to the simple one, while all the holomorphic tangent
vectors are eigenvectors corresponding to the other one whose multi-
plicity is 2. In fact, Theorem 1.1 guarantees that A1 has at least two
distinct eigenvalues, say α and β. From the declaration above, we
know that U is an eigenvector corresponding to α or β, say β (other-
wise dimM3 ≧ 4). Then the eigenvectors of α are orthonormal to U .
Also from the declaration above, we see that α has multiplicity 2.
In entirely the same way we can prove that A1∗ also has two distinct
eigenvalues, and U is an eigenvector corresponding to the simple one,
while all the holomorphic tangent vectors are eigenvectors correspond-
ing to the other one whose multiplicity is 2.
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Take a holomorphic tangent vector X 6= 0. Assume that
A1X = αX, A1∗X = α
∗X.
By a direct calculation, we have
[A1, A1∗ ]X = 0.
On the other hand, (3.4) implies that [A1, A1∗ ]X = 2FX 6= 0. This
contradiction shows that p = 3. 
Lemma 3.3. Let M3 be a 3-dimensional CR submanifold of maximal
CR dimension of P
3+p
2 (C), p > 1. If the normal connection is flat,
then either the distinguished normal vector ξ is umbilical, or the shape
operator A has two distinct eigenvalues. In the latter case, U is an
eigenvector corresponding to the simple eigenvalue, while all the holo-
morphic tangent vectors are eigenvectors corresponding to the eigen-
value with multiplicity 2. In this case, U is also the eigenvector of A1
and A1∗.
Proof. From Lemma 3.2, we know that p = 3. Choose orthonormal
frame ξ, ξ1, ξ1∗ of T
⊥(M3). Since the normal connection is flat, from
(3.2) and (3.4), we have
(3.5) [A,A1] = 0, [A,A1∗ ] = 0, [A1, A1∗ ] = 2F.
By the same discussion as in the proof of Lemma 3.2, we know that if A
has at least two distinct eigenvalues, then A has two distinct eigenvalues
and U is an eigenvector corresponding to the simple eigenvalue, while
all the holomorphic tangent vectors are eigenvectors corresponding to
the eigenvalue with multiplicity 2. Assume that AU = µU . From
Lemma 3.1 and (3.5), we have
A(A1U) = µA1U, A(A1∗U) = µA1∗U.
Noting that µ is the simple eigenvalue of A and U is the corresponding
eigenvector, it follows that there exist µ1, µ1∗ ∈ R, such that A1U =
µ1U, A1∗U = µ1∗U , which imply that U is also the eigenvector of A1
and A1∗ . 
With the above three lemmas, we can prove Theorem 1.3.
Proof of Theorem 1.3. Lemma 3.2 shows that p = 3. Now we prove
ξ is umbilical. Otherwise, from Lemma 3.3, we know that A has two
distinct eigenvalues, say λ, µ. Assume µ is the simple one, then
(3.6) AU = µU, AZ = λZ,
where Z is any holomorphic tangent vector of M3.
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Let ζ be the mean curvature vector, we decompose it as ζ = ζ1 + ζ2,
where ζ1 ∈ span{ξ}, ζ2⊥ξ. Choose the unit normal vector ξ1 such that
ζ2 = |ζ2|ξ1, then
ζ =|ζ1|ξ + |ζ2|ξ1
=
1
3
(traceA)ξ +
1
3
(traceA1)ξ1 +
1
3
(traceA1∗)ξ1∗ .
This implies that
(3.7) traceA = 3|ζ1|, traceA1 = 3|ζ2|, traceA1∗ = 0.
Combining (2.8) and (3.7), we see that
(3.8) s1(U) = 0, s1∗(U) = 3|ζ2|.
Further, it follows from Lemma 3.3, (2.9) and (2.10) that
(3.9) A1∗U = 〈A1∗U, U〉U = −s1(U)U = 0,
(3.10) A1U = 〈A1U, U〉U = s1∗(U)U = 3|ζ2|U.
Then for any X ∈ T (M3), X⊥U , we have
(3.11) s1(X) = −〈A1∗U,X〉 = 0, s1∗(X) = 〈A1U,X〉 = 0.
Note that (3.9) implies 0 is an eigenvalue of A1∗ . According to
Theorem 1.1, there must exist a non-zero eigenvalue of A1∗ , say α.
Then (3.7) shows that −α is also an eigenvalue of A1∗ . Assume that
X ∈ T (M3), X⊥U, |X| = 1, and
(3.12) A1∗X = αX.
Write Y = FX , then
(3.13) A1∗Y = −αY.
From (2.7),(3.11),(3.12),and (3.13), we have
(3.14) A1X = −αY, A1Y = −αX.
By a direct calculation, one can easily get
(3.15) [A1, A1∗ ]X = −2α
2Y.
On the other hand, it follows from (3.4) that
(3.16) [A1, A1∗ ]X = 2FX = 2Y.
Comparing (3.15) and (3.16), we get α2 = −1. This is impossible,
since the shape operator A1∗ is symmetric and its eigenvalues are all
real numbers. This contradiction shows that ξ is umbilical.

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4. None Existence of a Class of CR Submanifolds of Maximal
CR Dimension of P
3+p
2 (C) with Flat Normal Connection
In this section we prove the non-existence of 3-dimensional pseudo-
umbilical CR submanifolds of maximal CR dimension of P
3+p
2 (C) with
flat normal connection. Otherwise, let M3 be such a submanifold. We
first study the position of the mean curvature vector ζ in the normal
bundle.
Lemma 4.1. Let M3 be a 3-dimensional pseudo-umbilical CR sub-
manifolds of maximal CR dimension of P
3+p
2 (C), p > 1. If the normal
connection is flat, then the mean curvature vector ζ is in the direction
of ξ.
Proof. We decompose ζ as ζ = ζ1 + ζ2, where ζ1 ∈ span{ξ}, ζ2⊥ξ.
We need to prove ζ2 = 0. Otherwise, ζ2 6= 0. From Theorem 1.1 we
see that ζ2 is not umbilical. From Theorem 1.3 we know that ζ1 is
umbilical. Hence ζ is not umbilical. This contradicts our assumption
that M3 is pseudo-umbilical. Therefore, ζ2 = 0, i.e.,ζ ∈ span{ξ}. 
Remark 4.1. The method we used in the proof of Lemma 4.1 is due
to B.Y.Chen who, in [19], studied the umbilical normal vectors of sub-
manifolds of a submanifold.
From Theorem 1.3, p = 3. So
ζ =
1
3
(traceA)ξ +
1
3
(traceA1)ξ1 +
1
3
(traceA1∗)ξ1∗ .
Combined this with Lemma 4.1, we have
(4.1) traceA = 3|ζ |, traceA1 = 0, traceA1∗ = 0.
Further, it follows from (2.8) that
(4.2) s1(U) = 0, s1∗(U) = 0.
Lemma 4.2. Let M3 be a 3-dimensional pseudo-umbilical CR sub-
manifolds of maximal CR dimension of P
3+p
2 (C), p > 1. If the normal
connection is flat, then A1U is a non-zero holomorphic tangent vector
of M3.
Proof. From (2.7) and (4.2),
A1U = −FA1∗U.
Then the first formula of (2.4) implies that A1U is orthogonal to U ,
which shows that A1U is a holomorphic tangent vector. In the follow-
ing, we prove A1U 6= 0. Otherwise, A1U = 0. Combining (2.6) and
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(4.2), we also have
A1∗U = 0.
Then (2.9) and (2.10) give that
(4.3) s1 = 0, s1∗ = 0.
From (4.1) and Theorem 1.1, we see that A1∗ has non-zero eigenvalues
α and −α. By the same discussion as in the latter part of the proof of
Theorem 1.3, one can deduce that α2 = −1 which contradicts the fact
that α is a real number. So A1U 6= 0. This completes the proof. 
Now write
(4.4) X = A1U, Y = FX.
From (4.2) and (2.6), it is easy to see that
(4.5) Y = FX = FA1U = A1∗U.
Note that {X, Y, U} are orthogonal to each other.
Lemma 4.3. With respect to the frame {X, Y, U} chosen above, we
have
|X|2 = |Y |2 = 1,
s1(X) = 0, s1(Y ) = −1, s1∗(X) = 1, s1∗(Y ) = 0,
and the mean curvature |ζ | = constant.
Proof. From (2.9), (2.10), (4.4) and (4.5), we have
(4.6) s1(X) = −〈A1∗U,X〉 = −〈Y,X〉 = 0,
(4.7) s1∗(Y ) = 〈A1U, Y 〉 = 〈X, Y 〉 = 0,
(4.8) s1(Y ) = −〈A1∗U, Y 〉 = −|Y |
2,
(4.9) s1∗(X) = 〈A1U,X〉 = |X|
2.
Applying (4.2),(4.5) and (4.6) to the equation of Codazzi (2.17), we get
(4.10) (∇XA)U − (∇UA)X = −Y + s1∗(X)Y.
On the other hand, we calculate
(∇XA)U − (∇UA)X
=∇X(|ζ |U)− A(∇XU)−∇U(|ζ |X) + A(∇UX)
=(X|ζ |)U − (U |ζ |)X.(4.11)
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In the above calculation we use the fact that AZ = |ζ |Z for any tangent
vector Z of M3, which can be deduced from the pseudo-umbilicity of
M3 and Lemma 4.1. Combining (4.10) and (4.11), we get
(X|ζ |)U − (U |ζ |)X + (1− s1∗(X))Y = 0.
So
(4.12) X|ζ | = 0, U |ζ | = 0, s1∗(X) = 1.
Similarly, applying the equation of Codazzi (2.17) to (∇YA)U−(∇UA)Y ,
we get
(4.13) Y |ζ | = 0, U |ζ | = 0, s1(Y ) = −1.
From (4.8), (4.9), (4.12), and (4.13), we know that
|X|2 = 1, |Y |2 = 1, |ζ | = constant.

Lemma 4.4. For the holomorphic tangent vector X, Y defined by (4.4)
and (4.5), we have
A1X = U, A1Y = 0, A1∗X = 0, A1∗Y = U.
Proof. From (2.6), (2.7) and Lemma 4.3, we have
(4.14) A1X = −FA1∗X + U,
(4.15) A1Y = −FA1∗Y,
(4.16) A1∗X = FA1X,
(4.17) A1∗Y = FA1Y + U.
From (3.4), we get
[A1, A1∗ ]U = 0.
Substituting (4.4) and (4.5) into the above formula, we have
(4.18) A1Y = A1∗X.
From (4.14), (4.18) and the skew-symmetry of F , we calculate
(4.19) 〈A1X,X〉 = −〈FA1∗X,X〉 = 〈A1∗X, Y 〉 = 〈A1Y, Y 〉.
From (4.1), (4.2) and (2.9), we calculate
0 =traceA1 = 〈A1X,X〉+ 〈A1Y, Y 〉+ 〈A1U, U〉
=〈A1X,X〉+ 〈A1Y, Y 〉+ s1∗(U)
=〈A1X,X〉+ 〈A1Y, Y 〉.(4.20)
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Combining (4.19) and (4.20), we know that
(4.21) 〈A1X,X〉 = 0, 〈A1Y, Y 〉 = 0.
From (4.16) and the skew-symmetry of F , we calculate
(4.22) 〈A1∗X,X〉 = 〈FA1X,X〉 = −〈A1X, Y 〉.
On the other hand, from (4.18),
(4.23) 〈A1∗X,X〉 = 〈A1Y,X〉 = 〈A1X, Y 〉.
Combining (4.22) and (4.23), we have
(4.24) 〈A1∗X,X〉 = 0, 〈A1X, Y 〉 = 0.
From (4.1), (4.2), (4.24) and (2.10), we calculate
0 =traceA1∗ = 〈A1∗X,X〉+ 〈A1∗Y, Y 〉+ 〈A1∗U, U〉
=〈A1∗X,X〉+ 〈A1∗Y, Y 〉 − s1(U)
=〈A1∗Y, Y 〉.(4.25)
From (4.18) and (4.21), we have
(4.26) 〈A1∗Y,X〉 = 〈A1∗X, Y 〉 = 〈A1Y, Y 〉 = 0.
Noting that {X, Y, U} are orthonormal, by using (4.21), (4.24) and
Lemma 4.3, we get
A1X =〈A1X,X〉X + 〈A1X, Y 〉Y + 〈A1X,U〉U
=s1∗(X)U = U.
Similarly, by using (2.9), (2.10), (4.21), (4.24), (4.25), (4.26) and Lemma
4.3, we also have
A1Y = 0, A1∗X = 0, A1∗Y = U.

Now we can prove Theorem 1.4.
Proof of Theorem 1.4. Since the co-dimension p > 1, it follows from
Theorem 1.3 that p = 3. LetM3 be a pseudo-umbilical CR submanifold
of maximal CRdimension of P
3+p
2 (C) whose normal connection is flat.
LetX, Y be the holomorphic tangent vectors defined by (4.4) and (4.5).
From (3.4), we have
(4.27) [A1, A1∗ ]X = 2Y.
On the other hand, it follows from Lemma 4.4 and (4.5) that
(4.28) [A1, A1∗ ]X = A1A1∗X −A1∗A1X = −A1∗U = −Y.
This is a contradiction which proves the non-existence of such subman-
ifolds. This completes the proof. 
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